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Abstract

An experimental observation of a new nonlinear-modulation effect for longitudinal elastic waves is reported. The pheno-

menon is a direct elastic wave analogy with the so-called Luxemburg–Gorky (L–G) effect known over 60 years for radio waves

propagating in the ionosphere. The effect consists of the appearance of modulation of a weaker initially non-modulated wave

propagating in a nonlinear medium in the presence of an amplitude-modulated stronger wave that produces perturbations in

the medium properties on the scale of its modulation frequency. The reported transfer of modulation from one elastic wave to

another was observed in a resonator cut of a glass rod containing a few small cracks. Presence of such a small damage drastically

enhances the material nonlinearity compared to elastic atomic nonlinearity of homogeneous solids, so that the pronounced L–

G type cross-modulation could be observed at strain magnitude in the stronger wave down to 10�7 and smaller. Main fea-

tures of the effect are pointed out and physical mechanism of the observed phenomena is discussed. � 2002 Elsevier Science B.V. All

rights reserved.
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1. Introduction

Presently, there is general consensus that presence of
defects (cracks, contacts, etc.) may strongly increase
nonlinearity of solids in comparison to weak atomic
nonlinearity of ideal crystals and homogeneous amor-
phous materials. This nonlinearity results in the violation
of the superposition principle. Therefore, nonlinearity-
induced components of elastic excitations may be used
as a very sensitive indicator of structural damage in
the material [1–5]. It is essential that apparently similar
effects could be caused by different particular nonlin-
ear mechanisms, e.g., hysteresis [5], or dissipative non-
linearity [6], or purely elastic material’s nonlinearity.
The latter may be, e.g., power-type nonlinearity like in
intact materials, or a ‘‘diod-like’’ contact nonlinearity
[2,7], etc.
In the present communication, observation of a new

nonlinear acoustic effect is reported. The phenomenon is

the direct analogy with the so-called Luxemburg–Gorky
(L–G) effect known for radio waves propagating in ion-
osphere plasma [8]. The L–G effect consists of ap-
pearance of modulation of a weaker wave propagating
in presence of another amplitude-modulated stronger
(pump) wave that produces perturbations in the iono-
sphere-plasma conductivity on the scale of its modula-
tion frequency. The acoustic analogue of the L–G effect
is implemented for longitudinal waves excited in a rod
resonator containing a few small cracks that drastically
enhance its nonlinear response. High ‘‘structural sensi-
tivity’’ of nonlinear acoustic properties of solids may be
elucidated using quite simple and instructive models
[9]. However, the level of ‘‘useful’’ nonlinearity-induced
signals often remains quite small, therefore, a very im-
portant problem for the nonlinear elastic wave spec-
troscopy is the proper choice of nonlinear effects to be
used. In particular, a nonlinear modulation method
was patented [4] as an effective tool for crack detection
and location, since an intensive low frequency vibra-
tion may induce opening and closing of cracks thus
causing modulation of another (probe) higher-frequency
wave.
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2. Resemblance and difference between conventional and

L–G type modulation

The conventional modulation method is schemati-
cally shown in Fig. 1. In the investigated sample, an in-
tensive (pump) lower-frequency oscillation at frequency
X is excited together with a weaker probe signal at higher
frequency x � X. The probe wave exhibits practically
no modulation in an intact, weakly nonlinear sample,
whereas in the damaged sample, pronounced modula-
tion is observed. Fig. 2 shows examples of real signal
records [10] that were obtained for probe signals at
frequencies 20–25 kHz and the pump vibrations at 20–
60 Hz excited in an aluminium plate that contained a
single fatigue crack about 5 mm in length.
The principle of the L–G type cross-modulation effect

is shown in Fig. 3. In this case, the modulation fre-
quency X is significantly smaller than both carrier fre-
quencies x1;2 for the pump and probe waves, whereas
the ratio between x1 and x2 may be quite arbitrary. The
perturbation of the defects produced by the pump wave
on the scale of its modulation frequency induces the
modulation of the probe wave. In the reported experi-
ment, for convenience, the effect was realized for reso-
nant Young modes in a glass rod (8 mm in diameter and
about 30 cm in length). The pump and probe oscilla-
tions were excited by independent piezo-actuators and
registered by a light accelerometer. The L–G type cross-
modulation exhibits extremely high ‘‘structural sensi-
tivity’’, which is illustrated in Fig. 4 that displays high
contrast between the modulation spectra of the probe
wave obtained in the intact reference rod and in the
damaged one. The latter contained three thermally
produced cracks. In the insertion in Fig. 4, the lower-
resolution spectrograms are shown, which display the
relative levels of the pump and probe waves. Normally,
two lower modes at 1=4 and 3=4 wavelength resonances
were used (at frequencies 3.6–3.8 kHz and 10–12 kHz,
respectively), each of them could be used as either probe

or pump wave. Typical Q-factors for the modes were
between 150 and 300. Note that the damaged and ref-
erence rods exhibited no certain differences either in
Q-factors or in resonance frequencies. The pump wave
was AM modulated with 100% depth at modulation
frequency of several Hz, so that the fundamental fre-
quency together with the sidelobes could be positioned
within the same resonance peak. In contrast to quite

Fig. 1. Schematically shown conventional nonlinear modulation of a

probe wave caused by a low frequency pump excitation.

Fig. 2. Experimental example [10] of conventional nonlinear modula-

tion: (a) reference intact sample exhibiting sidelobes lower than �55
dB; (b) damaged sample exhibiting sidelobes 25–30 dB higher than

those in the reference sample.

Fig. 3. Schematically shown L–G type cross-modulation of a probe

wave caused by an amplitude-modulated pump excitation.
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similar linear responses, the level of sidelobes in the
damaged sample was 20–30 dB higher than in the ref-
erence rod. The examples shown in Fig. 4 correspond to
the pump strain about 8� 10�7, which could be made
about four times larger at the setup used, so that the
probe wave modulation could be significantly (10–15
dB) increased.
Comparison of Figs. 1–4 indicates that the L–G and

conventional modulation spectra look rather similar.
However, there are essential physical differences between
them. Conventional modulation is determined by the
instantaneous response of the material. In contrast, the
L–G type cross-modulation is determined by the mate-
rial response, which is time averaged over the pump
carrier period. Further, in case of the L–G effect the
modulation frequency X is essentially independent of
both (pump- and probe-) carrier frequencies. Therefore,
X may be chosen arbitrary low, which readily makes it
possible to put the modulation sidelobes together with
the initial probe signal within the same resonance, thus
providing favorable conditions for observation of the
modulation.

3. Main features of the L–G effect in the crack-containing

sample

In this section, we point out some features of the L–G
effect, which allow for highlighting important general
aspects of nonlinear response of solids with micro-
defects and provide new insight in physical mechanisms
of the microstructure-induced nonlinear effects.
(a) At a fixed pump amplitude, the pronounced L–G

modulation was effectively induced down to smallest
observable amplitudes of the probe wave (10�9 and less),
at which its own nonlinearity was negligible. This indi-
cates that L–G modulation should be linear in the probe-
wave amplitude. Another confirmation of this conclusion
is given in Fig. 5 displaying modulation spectra at two
probe wave levels and fixed pump. In Fig. 5, ratio of the
amplitudes of the corresponding sidelobes is with a high
accuracy the same as for the central lines, which cor-
roborates that the effect is linear in the probe wave
amplitude.
(b) Being linear in the probe-wave amplitude, the

modulation sidelobes essentially nonlinearly depend on
the pump amplitude. Fig. 6 illustrates that with the
pump-level increase, rapid growth (or sometimes non-
monotonous behavior) of numerous higher-order spec-
tral components was observed rather than monotonous
growth of the first sidelobes.
(c) The spectral shape of the initial modulation of

the pump and the nonlinearity-induced modulation
spectrum for the probe wave were essentially different as
shown in Fig. 7. This means that the discussed effect is
not a simple transfer of the initial pump spectrum to the
carrier frequency of the probe wave. The same feature is
typical of the L–G effect for radio-waves, i.e., appear-
ance of modulation sidelobes �X;�2X, �3X; . . . at
sinusoidal modulation of the pump.
(d) The nonlinear shift of the sample resonance fre-

quencies was of minor significance for the phenomenon.
This statement is illustrated in Fig. 8, in which fre-
quency response functions (FRFs) for the probe wave

Fig. 4. Experimental spectra of the L–G type cross modulation: (a)

reference intact rod exhibiting parasite sidelobes smaller than �60 dB;
(b) damaged rod exhibiting multiple strongly increased sidelobes. In

the insertions the lower-resolution spectra of the pump and probe

waves are displayed.

Fig. 5. Modulation spectra at five times difference in the probe wave

amplitudes.
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are displayed for different amplitudes of the pump. In
these measurements, the pump wave was non-modu-
lated and tuned near one of the resonances, whereas the
frequency of the probe wave was swept around another
resonance. The records clearly indicate that the position
of the FRF maximum could remain practically un-

changed, whereas the Q-factor for the probe wave sig-
nificantly varied: the FRF maximum could noticeably
(up to 10–25%) decrease, which corresponded to the
respective increase of the width of the normalized res-
onance curves, as is shown in the insertion.

4. Possible physical mechanism of the phenomenon and

conclusions

The aforementioned features suffice for discussion of
the phenomenon mechanism(s). Property (a) indicates
that nonlinear (with respect to probe wave amplitude)
response of the sample had no importance for the ob-
served modulation, and the effect was essentially linear
in the probe wave amplitude. On the other hand, prop-
erties (b) and (c) indicate that in the pump wave ampli-
tude, the response of the damaged sample was essentially
nonlinear, and this nonlinearity exhibited pronounced
non-smooth, ‘‘piece-wise’’, behavior. Property (d) clearly
indicates that the effect is caused by an essentially dis-
sipative nonlinear mechanism. Indeed, possible hysteretic
losses were definitely negligible at very small probe-wave
amplitudes. On the other hand, the role of the tiny
nonlinear shift of the resonance frequency was also
negligible, as well as the effect could not be explained by
the spatial-scattering mechanism [11], since the effect
was caused by a strongly localized defect, rather than
by spatially distributed nonlinearity. The mentioned
arguments lead us to the conclusion that the observed
modulation is due to a dissipative mechanism, similar to
that discussed in [10] for the case of conventional
modulation. Namely, the influence of the pump wave on
the crack opening affects the dissipation of the probe
wave at the defect. The minor difference with the con-
ventional modulation [10] is that in case of L–G mod-
ulation, the period averaged crack opening is important
rather than the instantaneous reaction. Next, physical
origin of this dissipation we attribute to strong thermo-
elastic losses at the defect, whose presence signifi-
cantly affects just the dissipative properties of the system
without significant effect upon its elastic properties.
Despite the small volume of the crack, these losses are
significantly increased due to high temperature gradients
at the vicinity of the crack edges. Those gradients are
not determined by the acoustic wavelength, but by the
significantly smaller scale of the inter-edge microcon-
tacts. A similar thermal mechanism is known for the
anomalously strong sound dissipation in polycrystalline
media. This effect alone might give increase in thermal
losses by 2–3 orders of magnitude (depending on the
frequency). In our case, however, there is an additional
important factor, increased strain amplitude at micro-
contacts inside the crack. Those combined factors could
cause thermal losses at a rather small crack, which are
comparable to losses in the whole intact sample. More

Fig. 6. Example of dependencies of sidelobe amplitudes on the pump

amplitude.

Fig. 7. Difference between the modulation spectra of the pump and the

probe waves.

Fig. 8. Probe wave FRF obtained at different pump amplitudes. The

insertion displays widening of the normalized resonance curves.
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detailed quantitative estimates that will be published
elsewhere, has confirmed that even a single small crack
could induce such a strong thermo-elastic losses. If ob-
served by means of conventional linear methods, these
losses could be easily masked by other sources of dissi-
pation. However, additional perturbation of the defects
caused by the pump action induces amplitude modula-
tion of the probe wave, which may be readily distin-
guished though other ‘‘background’’ losses may yet
remain much stronger than the modulated losses at the
crack. Thus the L–G effect opens very convenient pos-
sibilities for diagnostic applications.
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