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Abstract—In the framework of a rheological model, a nonlinear dynamic equation of state of a microinho-
mogeneous medium containing nonlinear viscoelastic inclusions is derived. The frequency dependences of
the effective nonlinear parameters are determined for the difference frequency and second harmonic gener-
ation processes in the case of a quadratic elastic nonlinearity. It is shown that the frequency dependence of
the nonlinear elasticity of the medium is governed by the linear relaxation response of the inclusions at the
primary excitation frequency, as well as by the relaxation of the inclusions at the nonlinear generation fre-
quencies. © 2001 MAIK “Nauka/Interperiodica”.
In recent years, the theory of media that exhibit a
strong acoustic nonlinearity has been extensively
developed. These media include different kinds of rock,
some metals, and some structural materials. To date, it
has been established that the nonlinear properties of
such media are connected with various structural inclu-
sions (or microinclusions) whose dimensions are large
relative to the interatomic distances and small relative
to the characteristic dimension of acoustic distur-
bances. In acoustics, such media are referred to as
microinhomogeneous media [1–4]. As a rule, the
acoustic properties of microinhomogeneous media can-
not be described in terms of the classical (five- or nine-
constant) theory of elasticity [5]. Firstly, the damping
constant of such media is frequency-independent
within a sufficiently wide frequency band [6], whereas
the damping constant of homogeneous media is a linear
function of frequency. Secondly, the elastic nonlinear-
ity of homogeneous media is frequency-independent,
whereas the nonlinearity of microinhomogeneous
media can depend on frequency [7, 8]. Therefore, an
adequate model and a corresponding equation of state
should be developed to describe the nonlinear wave
processes in microinhomogeneous media. The linear
and nonlinear rheological models of a microinhomoge-
neous medium, which were proposed earlier in [9–14],
provide the explanation for the frequency-independent
behavior of the Q-factor and the strong elastic nonlin-
earity observed in such media. This paper combines
and extends these models to derive a dynamic nonlinear
equation of state of a microinhomogeneous medium
and analyzes the frequency dependences of some non-
linear effects in the interaction between elastic distur-
bances in a medium if this kind.

Consider a rheological model of a nonlinear micro-
inhomogeneous medium. As we noted above, microin-
1063-7710/01/4702- $21.00 © 20178
homogeneous media contain various inclusions
(grains, cracks, dislocations, etc.) whose characteristic
dimensions are small relative to the acoustic wave-
length. In most cases, the compressibility of these
inclusions is higher than that of the surrounding homo-
geneous material. Due to the higher compressibility of
the inclusions, an elastic stress that occurs in their
vicinity creates a higher strain (and, accordingly, strain
rate), which is much higher than the average strain (and
strain rate) in the medium. Therefore, the dissipation
and the elastic nonlinearity of the medium are governed
by the effect of these highly compliant inclusions. In
order to derive the equation of state of the medium, we
consider its part of length L much smaller than the char-
acteristic wavelength λ. In such a region, the strain can
be treated as quasi-static, which allows us to ignore the
inertial properties of the material. Therefore, the rheo-
logical model of the microinhomogeneous medium can
be represented by a nonuniform chain of linear elastic
and nonlinear viscoelastic elements connected in
series, as shown in Fig. 1. In this chain model, the uni-
form parts consisting of stiff elements (with the elastic
coefficient κ) correspond to the inclusion-free regions
of a perfectly elastic medium, while the nonlinear vis-
coelastic elements (with the elastic coefficients κi ! κ)
correspond to the compliant inclusions. We assume that
the stiff and compliant elements of the chain are of
equal length l, so that their number within the length L
is equal to N, where Nl = L, and the number of inclu-
sions is N1 = νN, where the dimensionless coefficient ν
is the relative (per-unit-volume) concentration of these
inclusions.

Rheological models similar to the model shown in
Fig. 1 were proposed in [9–14] for describing the dissi-
pation and the nonlinear elastic properties of microin-
homogeneous media. These models explain the fre-
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quency independence of the Q-factor of such media on
the basis of the assumption that the distribution of elas-
tic parameters of the viscoelastic inclusions is wide
with the nonlinear properties of the inclusions being
ignored [9–11]. Conversely, the analysis of the nonlin-
ear elasticity of the medium [12–14] ignored the vis-
cosity of the inclusions and allowed for their nonlinear-
ity. Clearly, when the viscosity of the nonlinear inclu-
sions is taken into account, their effective stiffness
proves to increase with the frequency of the acoustic
disturbance, which results in an increase in the sound
velocity at high frequencies, i.e., in the acoustic disper-
sion. An increase in the stiffness of the inclusions also
decreases their strain and, therefore, decreases the non-
linearity of the medium, which means that its nonlinear
elasticity becomes frequency-dependent. Thus, the ori-
gin of the sound velocity dispersion and that of the fre-
quency dependence of the nonlinear elasticity of the
medium are closely related.

To derive the dynamic equation of state of the
microinhomogeneous medium, we use the model
shown in Fig. 1 to calculate the elongation X(t) of the
chain under the action of stress σ as a sum of elonga-
tions of the stiff and compliant elements:

(1)

where ε0l is the elongation of a stiff element,  = εil
is the elongation of the ith inclusion, and ε0 and εi are
their relative strains. Dividing both sides of Eq. (1) by
the length of the element L = Nl, we obtain the expres-
sion for the average strain ε:

(2)

As we noted above, the stiff elements of the chain are
perfectly elastic and are described by the equation

(3)

where E = κl is the elasticity modulus of the medium
consisting of the stiff elements. The equation of state of
the ith inclusion characterized by the viscosity and
elastic nonlinearity has the form

(4)

where  ≡ dεi /dt is the inclusion strain rate, ςi is a
dimensionless coefficient that characterizes the relative
elasticity of the inclusions (ςi = Ei/E ! 1), and F(εi) is
the small elastic nonlinear correction (|F(εi)| ! |εi |).

Equations (2)–(4) can be used to derive the equation
of state of the microinhomogeneous medium, i.e., the
function σ = σ(ε). For the stiff elements, Eq. (3) yields

(5)

Since the nonlinearity is weak, the strain of the inclu-
sions can be found by the successive approximation

X t( ) N N1–( )ε0l Xi
s( ),

i 1=

N1

∑+=

Xi
s( )

ε 1 ν–( )ε0 νεi.+=

σ Eε0,=

σ ςiE εi F εi( )–[ ] gε̇i,+=

ε̇i

ε0 σ/E.=
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technique assuming that εi =  +  + …, where

| | ! | |. In the linear approximation, the solution
to Eq. (4) has the form of the relaxation integral:

(6)

where Ω = E/g has the frequency dimension, so that
Ωi = ςiΩ is the relaxation frequency of the ith inclusion.

The expression for the nonlinear correction  has
the form

(7)

Substituting Eqs. (5)–(7) for the strains ε0 and εi into
Eq. (2), we obtain the nonlinear dynamic equation of
state of the microinhomogeneous medium in the form

(8)

This equation is valid within the entire range of inclu-
sion concentrations 0 ≤ ν ≤ 1. The concentrations ν = 0
and ν = 1 (at ςi = const) correspond to the homogeneous
media: at ν = 0, we obtain a perfectly elastic linear
medium and, at ν = 1 and ςi = const, we have a nonlin-
ear elastic medium whose dissipation properties are
similar to those of liquids, gases, and homogeneous
solids; in this case, the equation of state of the medium
coincides with Eq. (4).
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Fig. 1. Rheological model of a microinhomogeneous
medium.
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When the concentration of the inclusions is small,
Eq. (8) can be reduced to the canonical form σ = σ(ε):

(9)

Note that equations of this kind (i.e., with relaxation
kernels) were earlier introduced phenomenologically to
describe the imperfectly (inherently) elastic materials
[4, 15, 16].

Equation of state (9) can be used to analyze the fre-
quency behavior of the elastic nonlinearity of the
microinhomogeneous medium. As can be seen from
this equation, the dynamic action manifests itself in the
nonlinear response of the medium in two ways. Firstly,
this is the effect of the linear relaxation of the medium,
because the linear response is the argument of the non-

linear correction F( ). Secondly, the relaxation
affects the response of the medium to the nonlinearity-
induced secondary sources (the nonlinear correction F),
which govern the nonlinearity-induced strain (or stress).
These mechanisms (or, rather, components of a single
nonlinear relaxation process) are essentially different.
The first mechanism is universal for any nonlinear cor-
rection and is independent of the nature of the nonlinear
process. The second mechanism strongly depends on
the time scale of the nonlinear strain; therefore, the par-
ticular type of the nonlinearity and of the nonlinear pro-
cess is significant (for example, it is important whether
the process upconverts or downconverts the frequency).
Nevertheless, Eq. (9) allows us to make some suffi-
ciently general conclusions. The following estimate is
valid for the relaxation integral of the function f(t):

(10)

Then, the elastic nonlinearity of the medium containing
relaxing nonlinear inclusions diminishes with increas-
ing frequency of the action, because the argument of
the nonlinear function in Eq. (9) decreases.

Below, we consider the basic features of the fre-
quency dependence of the elastic nonlinearity for a

medium with a quadratic nonlinearity, F(εi) = Γ , by
examples of the generation (or demodulation) of the
second harmonic and the difference frequency under a
harmonic and biharmonic action on the medium.

We begin with analyzing a medium containing iden-
tical inclusions (ςi = ς). Consider the downconversion
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process when the difference-frequency stress is pro-
duced under the biharmonic strain of the medium:

(11)

Substituting Eq. (11) into Eq. (9) and separating the
components at ωd = |ω1 – ω2|, we derive the expression
for the difference-frequency stress σd at the difference
frequency in the form σd(ωd) = Adcosωdt + Bdsinωdt =
|σd|cos(ωdt + ϕd), where the amplitude σd and the phase
ϕd have the form:

(12)

(13)

As can be seen from Eq. (12), in the static limit ωd,

ω1, 2 ! ςΩ, the amplitude is |σd| = σstat = νΓ E/ς2.
When the frequencies ωd and ω1, 2 reach the order of the
characteristic relaxation frequency ςΩ of the inclusions
or higher, the nonlinear response of the medium
decreases: σd ~ (ω1ω2ωd)–1. For a low difference fre-
quency (ωd ! ςΩ) and for ω1 ≈ ω2 = ω, Eq. (12) is sim-
plified:

(14)

This expression shows that, when ω @ ςΩ, the ampli-
tude behaves as |σd| ~ ω–2.

As can be seen from Eq. (13), the relaxation of the
inclusions leads to a monotonic variation of ϕd from
zero (in the quasi-static limit when ω1, ω2, ωd ! ςΩ) to
π/2 (when ω1, ω2, ωd @ ςΩ).

To describe the frequency dependence of the elastic
nonlinearity of the microinhomogeneous medium in the
case of the difference frequency generation, we intro-
duce the normalized nonlinear parameter Nd defined as
the ratio of the amplitude |σd| given by Eq. (14) to the

amplitude value σstat = νΓ E/ς2 in the static limit:

(15)

The parameter Nd versus frequency ω is shown in Fig. 2
(curve 1).

Consider the process of the second harmonic gener-
ation under the harmonic action on the medium: σ(t) =
σ0cosωt. In this case, Eq. (9) yields the expression for
the stress at the double frequency, σ2 = A2cos2ωt +

ε t( ) ε0 ω1t ε0 ω2t.cos+cos=

σd Ad
2 Bd

2+( )1/2
=

=  
νΓε0

2E

ς2 1 ω1/ςΩ( )+ 2( ) 1 ω2/ςΩ( )2+( ) 1 ωd/ςΩ( )2+( )[ ]1/2
------------------------------------------------------------------------------------------------------------------------,

ϕd βd/Ad( )arctan=

=  
ωd/ςΩ( ) 2 ω1ω2/ ςΩ( )2+[ ]

1 ω1ω2/ ςΩ( )2 ωd/ςΩ( )2–+
--------------------------------------------------------------------

 
 
 

.arctan

ε0
2

σd νΓε0
2E ς2 1 ω/ςΩ( )2+[ ][ ] 1–

.=

ε0
2

Nd 1 ω/ςΩ( )2+[ ] 1–
.=
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B2sin2ωt, the amplitude and phase of the stress σ2
being determined as

(16)

(17)

Figure 3a shows the frequency dependences of the
normalized nonlinear parameter N2 introduced accord-
ing to Eq. (15) and of the phase σ2. Curve 1 demon-
strates a rapid decrease in the parameter N2 when the
frequency ω is higher than the inclusion relaxation fre-
quency ςΩ. In addition, Eq. (16) shows the above-men-
tioned effect of the inclusion relaxation on the nonlin-
earity of the medium at the frequency of the primary
excitation ω and at the frequency of its second har-
monic, 2ω. Note that the following inequality is valid:
N2 ≤ Nd.

In contrast to the smooth variation of the phase from
0 to π/2 in the case of the difference frequency genera-
tion, from Eq. (17), it follows that the phase ϕ2 of the
second harmonic changes rapidly by π in the vicinity of

the frequency ω = ςΩ/ . This property can be used to
change the frequency dependence of the parameter N2:
when the medium contains inclusions with different
relaxation frequencies, their nonlinear responses super-
impose, which may cause a nonmonotonic frequency
dependence of the parameter N2. Figure 3b shows the
dependences of N2 and ϕ2 on frequency for a medium
with inclusions of two types (their relaxation frequen-
cies differ by an order of magnitude). These depen-
dences demonstrate the nonmonotonic behavior men-
tioned above.
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Fig. 2. Normalized nonlinear parameter Nd versus fre-
quency ω1 for the process of the difference frequency gen-
eration (ωd/Ω = 10–5): (1) a medium with identical inclu-
sions (ς = 10–3) and (2) a medium with inclusions distrib-
uted in elasticity (a = 10–4, b = 10–1).
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In real microinhomogeneous media, inclusions are
not identical and are characterized by a certain distribu-
tion in elasticity, ν = ν(ς), so that ν(ς)dς represents the
concentration of inclusions with the parameter ς within
the interval [ς, ς + dς]. In general, real inclusions are
also distributed in the viscosity (or in the relaxation fre-
quency Ω), so that the inclusion distribution function
must depend on the parameters ς and Ω: ν = ν(ς, Ω). In
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Fig. 3. (1) Normalized nonlinear parameter N2ω and
(2) phase ϕ2ω versus frequency ω for the process of the sec-
ond harmonic generation (a) in a medium with identical
inclusions (ς = 10–3), (b) in a medium with inclusions of two
types (ς1/ς2 = 10–1), and (c) in a medium with inclusions
distributed in elasticity (a = 10–4, b = 10–1).
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this case, Eqs. (1)–(7) provide an evident generaliza-
tion of Eq. (9):

(18)

It has been shown [9–11] that, to explain the frequency-
independent behavior of the Q-factor of microinhomo-
geneous media, one should assume that the distribution
ν(ς) is sufficiently wide, the wide distribution of inclu-
sions in elasticity being of most importance particularly
for the linear dissipation–dispersion properties, while
their distribution in viscosity affects the results insig-
nificantly [11]. Since the linear and nonlinear parts of
Eq. (18) contain relaxation integrals of similar struc-
ture, we will first analyze the nonlinear elasticity as a
function of frequency by analogy with [9–11] allowing
for the distribution of the inclusions in the parameter ς
under the assumption that

(19)

As above, we consider the processes of the difference
frequency and second harmonic generation in a medium
with a quadratic elastic nonlinearity.

In the case of the difference frequency generation,
one can obtain expressions similar to Eqs. (12) and
(13). However, they are rather lengthy. Therefore,
below, we present the formulas for the quadrature coef-
ficients Ad and Bd derived for a low difference fre-
quency when the primary-excitation frequencies are
approximately equal (ω1 ≈ ω2 = ω) and ωd ! ω:

(20)

(21)

These expressions also show the effect of the relaxation
at both the excitation and difference frequencies; the
medium is characterized by two relaxation frequencies
aΩ and bΩ , which correspond to the lower and higher
boundaries of the inclusion distribution in elasticity,
respectively. The dependence of the parameter Nd on
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the frequency ω is shown in Fig. 2 (curve 2). This plot
shows that Nd = const for ω < aΩ . When aΩ < ω < bΩ ,
we have Nd ~ ω–1, i.e., Nd decreases more slowly than
predicted by Eqs. (12) and (14), which are derived for
the medium with identical inclusions. For ω > bΩ , we
have Nd ~ ω–2 (as for the medium with identical inclu-
sions for ω > ςΩ).

For the second harmonic, one can obtain the follow-
ing expressions for the coefficients A2 and B2 by anal-
ogy with Eqs. (15) and (16):

(22)

(23)

The effect of the inclusion relaxation at the excitation
frequency and at its second harmonic can also be seen
here. Figure 3c shows the parameter N2 and the phase ϕ2
versus the frequency ω. One can see that, when ω < aΩ,
N2 = const; in the range aΩ < ω < bΩ, N2 ~ ω–1; and for
ω > bΩ, N2 ~ ω–3.

Now, we consider the combined effect of the inclu-
sion distributions in elasticity and viscosity. We assume
that the inclusions are uniformly distributed in the
parameters ς and Ω:

(24)

In this case, we failed to study Eq. (18) analytically
and generalize Eqs. (20)–(23), though, in principle, the
solutions of interest can be obtained numerically. Here,
we present the approximate analytical result describing
the process of demodulation (ωd = 0):

(25)

Figure 4 represents the parameter Nd versus fre-
quency ω for different values of the parameter Ωb/Ωa.
As can be seen from Fig. 4, the additional allowance
made for the distribution of inclusions in the viscosity
(unlike the distribution in elasticity) weakly affects the
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nonlinear parameter Nd, as in the case of the results
obtained in [9–11] for linear dissipation and dispersion
properties of a microinhomogeneous medium.

Thus, in this paper, in the framework of a rheologi-
cal model, a nonlinear dynamic equation of state of the
microinhomogeneous medium containing viscoelastic
inclusions is derived and, for the case of the quadratic
elastic nonlinearity, the frequency dependences of the
effective nonlinear parameters are determined for the
processes of the difference frequency and second har-
monic generation. It is shown that the frequency depen-
dence of the nonlinear elasticity of the medium is gov-
erned by the combined effect of (i) the linear relaxation
response of the inclusions at the frequency of the pri-
mary excitation and (ii) their relaxation at the combina-
tion frequencies and harmonics. Note that, though the
consequences of the equation of state are analyzed for
a medium with a quadratic nonlinearity, the approach
developed in this paper can also be applied to media
with other types of the elastic nonlinearity: cubic, dif-
ferent-modulus, hysteretic, etc. [4, 17, 18].

The equation of state derived above (together with
the equation of motion) can be used to study various
nonlinear effects that occur in the propagation and
interaction of elastic waves in microinhomogeneous
media. Due to the above-mentioned specific features of
these media, the character of the nonlinear processes in
them essentially differs from that of the nonlinear pro-
cesses in homogeneous media, which can be used as a

–6 –4 –2 0
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2
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–4

–6

–8

–10

log(ω/Ω)

logNd

Fig. 4. Normalized nonlinear parameter Nd versus fre-
quency ω for the process of demodulation (ωd = 0) in the
medium with inclusions distributed in elasticity (a = 10–4,
b = 10–1) and viscosity: Ωb/Ωa = (1) 10 and (2) 104.
ACOUSTICAL PHYSICS      Vol. 47      No. 2      2001
diagnostic indicator in the remote monitoring of the
medium.
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